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Abstract This paper presents an investigation on bifurcation of railway bogie behavior in the presence of
nonlinearities which are yaw damping forces in longitudinal suspension system and the friction creepage
model of thewheel/rail contact including clearance. Through Routh–Hurwitz stability criterion and amore
accurate model than Yang and Ahmadian, the analytical expression of critical speed is achieved as well
as the limit cycle frequency. Then, by Averaging method and analytical critical speed, the amplitude of
the limit cycle is determined while the wheel/rail clearance is taken into account. To solve the nonlinear
equations analytically, both dead zone discontinuity and yaw dampers must be formulated properly. In
this direction, a suitable and novel exact equivalent functions (EF) is introduced. Furthermore, 2D and 3D
bifurcation diagrams are depicted to show themechanism creation of Hopf bifurcationwhich is employed
in the design of stable wheelset systems. Finally, the accuracy of one-axle model results for the prediction
of critical speed is evaluated in contrast with two-axle bogie model.
© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
The dynamic response of High-speed railway vehicles
under rail loads such as clearances between wheel/rail, the
wheel flange contacting forces and dry friction in suspension
components is one of the fundamental problems to be solved
in railway vehicles design and maintenance. As the velocity
of rail vehicle increases, the vehicle becomes less stable and
ultimately exhibits rigorous oscillations. This is due to the
velocity dependence of rail vehicle lateral and yaw stability,
commonly known as ‘‘hunting’’. When flanging occurs, the
motion is highly nonlinear due to the effects of wheel/rail
contact forces as well as wheel clearance. Hence, the analysis
of the influence of the rail vehicle parameters on the hunting
motion is necessary to design safe vehicles.
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doi:10.1016/j.scient.2012.10.028Hunting is characterized by a limit cycle-type oscillation. It
has been only in the last two decades that analyses have been
made incorporating some of the more important nonlinearities
that lead to the occurrence of the hunting, such as clearances
between the components, the wheel flange contacting forces,
dry friction in suspension components, etc..
Shabana et al. [1] investigated the effect of the approxi-
mations made in some of the creepage expressions and lin-
earization of the kinematic equations in railroad vehicle system
dynamics. The effect of wheel profiles on contact geometry in
railroad turnout sectionwas studiedby Sugiyamaet al. [2]. A dy-
namic characteristic of independently rotating-wheel systems
in the analysis of multibody railroad vehicles was considered
by Sugiyama et al. [3]. Abood and Khan [4] derived the mathe-
matical model of a railway carriagemoving on tangent tracks to
study the influence of vertical secondary suspension stiffness on
ride comfort of railway carbody. In order to describe the wheel
and the rail contact patch area, they use linear Kalker’s theory
and non-linear Heuristic model. The dynamics of suspensions
with friction that are widely used in three-piece bogie wagons
was studied by Sun and Cole [5].
De-Pater [6] used Bogoliubov Averaging Method [7] to ex-
amine limit cycle behavior of a two-axle bogie with cylindrical
wheels. Law and Brand [8] used the same method to analyze
evier B.V. Open access under CC BY-NC-ND license.
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and flange contact,where theymodeled the effects of this flange
force by a linear rail spring with a dead band equal to the flange
clearance. Optimizing air suspension systemof a complete four-
axle rail vehicle model with 70 degrees of freedom using GA
has been investigated by Sayyaadi and Shokouhi [9] to mini-
mize the Sperling ride comfort index. Zou et al. [10] studied a
dynamic computational model for the embedded railway track
subjected to a moving load. Their model consists of two-layer
Euler–Bernoulli beams and continuous viscoelastic elements.
The resonance characteristics of a two-span continuous beam
traversed by moving high-speed trains at a constant velocity
have been developed by Wang et al. [11]. A dynamic model
for analyzing the vibration of a train-track system investigated
by Shi and Wang [12] and Zakeri et al. [13]. The Hopf bifurca-
tion analysis in a rail bogie has been investigated by several
researchers [14–18]. Pombo and Ambrósio [19] studied the
implementation of a multi-joint wheel-rail contact model to
railway dynamics in small radius curved tracks. The stress dis-
tribution in the rail, wheelset and subgrade has been studied
by Sadeghi [20]. Sayyaadi and Shokouhi [21] introduced a com-
plete nonlinear thermo-dynamical air springmodel to optimize
the ride comfort of passenger’s index using a combination of
twodifferentmodels. Asadi Lari and Rezvani [22] focused on the
development of a harmonic (lateral) wear pattern within the
circumference of the wheel flanges. The effect of fluid damping
in semi-active hydraulic dampers of railway bogie was studied
by Wang and Xu [23].
Sedighi et al. [24–28] and Sedighi and Shirazi [29] mod-
eled the dead zone nonlinearity and other discontinuities
using continuity-based function to facilitate the severe compu-
tational issues that are encountered in the analytical investiga-
tions of nonlinear problems. Yang and Ahmadian [30] analyzed
Hopf bifurcation in a wheelset in the presence of nonlinear yaw
damper in primary suspension system. It was noted that the
amplitude of the hunting limit cycle is large enough that the
lateral wheel/rail flange force is created. Hence, it is necessary
to include the flange contact forces in the model.
The flange force is modeled as a linear spring besides a
nonlinear fourth order damping including a dead zone due
to the wheel/rail clearance. This investigation emphasizes
the influences of the system suspension nonlinearities and
the wheel/rail interface nonlinearities on Hopf bifurcation.
Frequency of the limit cycle and critical velocity are found
analytically. Also using the Averaging method, a relation
between the limit cycle amplitude and parameters of the
system is introduced. These relations lead to several analytical
criteria for prediction of possibility of hunting behavior. Two
and three dimensional bifurcation diagrams to study the Hopf
bifurcation in the system are demonstrated.
2. Governing equations of motion of single-axle wheelset
The wheelset is considered to be four degrees of freedom
system and illustrates in Figure 1. The equations of motion are
organized using Newton’s second law of motion for y, ψ, z and
ϕ as follows:
mw y¨ = Fly + Fry − Nr sin (βr − ϕ)
+Nl sin (βl + ϕ)+ Fs,y − FT , (1)
Iwzψ¨ −

Iwx − Iwy

ϕ˙θ˙ = a (Frx − Flx)
− aψ [Nr sin (βr − ϕ)+ Nl sin (βl + ϕ)]+Mzr
+Mzl + aψ

Fry − Fly
+Ms,z − 2bFd (2)Figure 1: Free-body diagram for wheelset.
Iwxϕ¨ −

Iwy − Iwz

θ˙ ψ˙ = [Nr sin (βr − ϕ) Rr
−Nl sin (βl + ϕ) Rl]+

Myr +Myl

ψ
+ a [−Nr cos (βr − ϕ)+ Nl cos (βl + ϕ)]
+ Rl

Flxψ − Fly
+ Rr Frxψ − Fry+ a −Fry + Flz (3)
mw z¨ = Frz + Flz + Nr cos (βr − ϕ)
+Nl cos (βl + ϕ)−mwg. (4)
The various creep forces and moments with respect to
the left and right wheels were introduced by Sedighi and
Shirazi [31], which Fxp, Fyp,Mzp are creep forces and moment
of the wheelset, respectively and calculated as follows:
Fxp = −f33ξx, (5)
Fyp = −f11ξy − f12ξsp, (6)
Mzp = f12ξy − f22ξsp. (7)
For the constant forward velocity and straight rail the
associated Kalker’s creepages, for roll, pitch and yaw rates of
the left and right contact planes are mentioned in Appendix C.
Figure 2 shows the suspension forces in the lateral direction,
Fs,y, and the suspension moments in the vertical direction,Ms,z ,
acting on the wheelset which are induced from the lateral
stiffness and the yaw damping of the primary suspension and
can be expressed as follows:
Fs,y = −2Kyy− 2Cyy˙, (8)
Ms,z = −2Kxb2ψ. (9)
The nonlinear longitudinal yaw damping force Fd is consid-
ered according to the Yang and Ahmadian [30] assumptions as
follows:
Fd =

C1Vψ + C2Vψ 2 + C3Vψ 3 + C4Vψ 4 Vψ > 0
C1Vψ − C2Vψ 2 + C3Vψ 3 − C4Vψ 4 Vψ < 0. (10)
Flange contact force FT is described by the following
formula:
FT =
Kr (y− δ) y > δ
0 −δ ≤ y ≤ δ
Kr (y+ δ) y < −δ
(11)
where Vψ = bψ˙ is the relative velocity of the longitudinal
yaw damper. The coefficients C1 to C4 are obtained from
the experimental tests on the actual dampers by Yang and
Ahmadian. The constant Kr is the wheel/rail contact lateral
stiffness, and δ is the flange clearance. The lateral clearance is
modeled as shown in Figure 3.
Assuming ϕ = λy/a, R˙ = λ ϕ˙, Rl = Rr = R0, the
vertical wheelset displacement equation of motion can be also
neglected.
Solving Eqs. (3) and (4) forNr andNl and replacing them into
Eqs. (1) and (2), the number of equations is reduced. Also, to
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Figure 3: Flange force versus lateral displacement.
avoid emerging complicated terms, we can assume that angles
are equal to their sines; thus, equations of motion reduced as
follows:
mw y¨+mwgλya +
2f11
V

1+ R0 λa

y˙− Vψ

+ 2f12
V

ψ˙ + λy
a
V
R0

= Fs,y − FT , (12)
Iwzψ¨ +

Iwy − Iwx
 λ
a
V
R0
y˙+ 2af33
R0
λy
− 2f12
V

1+ R0 λa

y˙− Vψ

+ 2a
2f33
V
ψ˙ −mgλaψ
+ 2f22
V

ψ˙ + θ˙ λy
a

= Ms,z − 2bFd. (13)
A comparison between Eq. (13) with Yang and Ahmadian’s
results indicated that the term

Iwy − Iwx

λ
a
V
R0
y˙ has been
omitted and the Eulerian acceleration term has been deleted in
their paper. As illustrated in the result section, this term change
the critical speed of the system.
3. Critical speed of linear equation
To derive hunting velocity, the equations were changed
to the state space form. Let us introduce state vector X =
y, y˙, ψ, ψ˙

to represent the lateral and the yaw motion of the
wheelset, so Eqs. (12) and (13) can be written in the general
following form:
X˙ = A (V ) X + F (X) , (14)
where F (X) represents the nonlinear terms that should be
modeled properly for analytical solution, and the elements of
the matrix A (V ) are described in Appendix A.
To obtain critical speed Vc , Eq. (14) should be perturbed
using ε which is a small perturbation coefficient as follows:
V = Vc + εµ
A (V ) = A0 (Vc)+ εµ A1 (Vc)+ (εµ)2A2 (Vc)+ · · ·
(15)Table 1: Routh–Hurwitz criterion.
s4 a4 (Vc) a2 (Vc) a0 (Vc)
s3 a3 (Vc) a1 (Vc)
s2 b1 (Vc) b2 (Vc)
s1 b3 (Vc)
s0 b4 (Vc)
Figure 4: Theoretical critical speed versus 1/
√
λ.
where µ indicates the perturbation of the forward speed V ,
A0 (Vc) is matrix A (V ) in (23) when V = Vc . It is clear that in
the presence of hunting behavior the matrix should possess at
least a pair of purely imaginary eigenvalues denoted by ±iω,
and all other eigenvalues have negative real parts, where ω
is the hunting frequency. Applying Routh–Hurwitz method for
|A0 − sI|, the following fourth order equation is obtained:
|A0 − sI| = a4 (Vc) s4 + a3 (Vc) s3 + a2 (Vc) s2
+ a1 (Vc) s+ a0 (Vc) . (16)
For marginally stability of the system, one zero element in
the first column is required.
Setting the fourth equation in the first column of Table 1
equal to zero returns to a real valued solution for Vc . For pa-
rameters assumed in Appendix B, Vc,th yields:
Vc,th = 40.1 m/s. (17)
Comparing between Vc,th and that of obtained from simula-
tion which is Vc = 44.4 m/s, indicated that the relative error is
9.7%. From Figure 4 it is seen that there is a linear relationship
between the critical speed and 1/
√
λ.
4. Asymptotic behavior of the nonlinear model
Based on the obtained results for Vc and ω, the nonlinear
behavior of the system can be analyzed using the Bogoliubov
Averaging method. Expanding A (V ) about Vc and combining
Eqs. (12) and (13) give:
X˙ = A0 (Vc) X + εF1 (X, µ, ε) , (18)
where
F1 (X, µ, ε) = BX + F (X) = {0, f2, 0, f4}T , (19)
in which the parameters f2, f4 are described in Appendix A. The
eigenvectors of A0 (Vc) and AT0 (Vc) corresponding to ± iω are
ξ12 = α ± iβ and η12 = p + iq, respectively. Using the
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solution of Eq. (18) as follows:
X = 2a (α cosϕ − β sinϕ) = 2a

α2 + β2 cos (ϕ + γ ) , (20)
where γ = tg−1 (β/α) and the time dependent variables a and
ϕ are defined as:
da
at
= εH1 (a) , (21a)
dϕ
dt
= ω + εG1 (a) . (21b)
Using symbolic calculations, the functions H1 (a) and G1 (a)
can be expressed as:
H1 (a)
= 1
2π
 2π−γ
−γ
2
i=1
f2×i (p2×i cosϕ + q2×i sinϕ) dϕ, (22a)
G1 (a)
= 1
2πa
 2π−γ
−γ
2
i=1
f2×i (q2×i cosϕ − p2×i sinϕ) dϕ. (22b)
The steady state solution (limit cycle) occurred ifH1 (a) = 0.
Eq. (22) can be used to examine the amplitude and the phase of
the limit cycle. To solve for the amplitude of the stationary limit
cycle, we assume:
H1 (a) = 12π
 2π−γ
−γ
2
i=1
f2×i (p2×i cosϕ + q2×i sinϕ) dϕ
= 0, (23)
which has the nontrivial solution a1. To solve Eqs. (22) and (23)
analytically as a function of a1, two procedures are performed.
In the first method, the equations are divided into three sub-
domain intervals shown as follows:
H1 (a) = 12π
 cos−1(S)−γ
−γ
· · · dϕ +
 π−γ+cos−1(S)
π−γ−cos−1(S)
· · · dϕ
+
 2π−γ
2π−cos−1(S)
· · · dϕ
 (24)
where the term S in the integral domain is δ/2a

α2 + β2.
Functions f2, f4 are nonlinear functions in terms of dead zone
and nonlinear yaw dampers. The second analytical method is
based on the new formulation of dead zone and nonlinear yaw
dampers. This approach enables us to overcome the inherent
computational difficulty of this nonlinearity in the analytical
investigations of nonlinear problems. We introduce suitable
and novel exact equivalent function for these nonlinearities as:
Fd

Vψ
 = 1
2
+ 1
2
Vψ 
Vψ

× C1Vψ + C2Vψ 2 + C3Vψ 3 + C4Vψ 4
+

1
2
− 1
2
Vψ 
Vψ

× C1Vψ − C2Vψ 2 + C3Vψ 3 − C4Vψ 4 , (25a)
FT (y) = 12K (2y+ |y− δ| − |y+ δ|) . (25b)Figure 5a: A comparison of theoretical and numerical simulation for limit
cycles of lateral displacement.
Figure 5b: A comparison of theoretical and numerical simulation for limit
cycles of yaw rotation.
We obtained a1 from Eq. (23) and substituted it in Eqs. (22) so
we have:
Ω = ω + ε
2πa
×
 2π−γ
−γ
2
i=1
f2×i (q2×i cosϕ − p2×i sinϕ) dϕ. (26)
Therefore, the long term behavior of the system can be
obtained by substituting solution Eq. (23) for a into Eq. (20) that
is given as follows:
X = 2a1

α2 + β2 cos (ϕ + γ ) ; ϕ = Ωt + θ. (27)
The variable θ is the phase shift determined by the initial
conditions. It should be mentioned that in order to obtain Ω
and X from Eq. (27) all the truncation terms are considered
up to the second order ε in Eq. (15). A numerical example is
illustrated in Figures 5a and 5b. Also, two theoretical as well as
the numerical simulation limit cycle are indicated in Figures 5a
and 5b. This figure demonstrates the accuracy of the asymptotic
analytical procedures beside the soundness and effectiveness of
the proposed EFs.
The limit cycle frequency obtained from numerical simula-
tion is 10.578 rad/s and the theoretical one is 11.058 rad/s. A
comparison between the frequencies shows that the theoretical
analysis returns 4.5% error. The error has been calculated from
the formulae 100×|ωth − ωsi| /ωsi inwhichωth andωsi are limit
cycle frequencies obtained from the theoretical and numerical
simulations, respectively.
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5. Governing equations of motion of two-axle wheelsets
Figure 6 illustrates the two-axle bogie model. The governing
differential equations of four degrees of freedomobtained in the
same method for single-axle model are given by:
Equation of motion for wheels in lateral direction:
mw y¨i +mwgλyia +
2f11
V

1+ R0 λa

y˙i − Vψi

+ 2f12
V

ψ˙i + λyia
V
R0

= Fsus,yi − FTi. (28)
Equation of motion for wheels in yaw direction:
Iwzψ¨i +

Iy − Ix
 λ
a
V
R0
y˙i + 2af33R0 λyi
− 2f12
V

1+ R0 λa

y˙i − Vψi

+ 2a
2f33
V
ψ˙i
−mgλaψi + 2f22V

ψ˙i + θ˙λyia

= Msus,zi − 2b1Fdi (29)
where for rear axle i = 1 and for front axle i = 2. Parameters
Fsus,yi andMsus,zi are defined by:
Fsus,yi = −2Ky

yi − yt + (−1)i+1 l1ψt

− 2Cy

y˙i − y˙t + (−1)i+1 l1ψ˙t

Msus,zi = −2Kxb2 (ψi − ψt)
(30)
where yt , ψt are lateral and yaw displacements of bogie and
FTi, Fdi are defined by:
Fdi =

C1Vψi + C2Vψi2 + C3Vψi3 + C4Vψi4 Vψi > 0
C1Vψi − C2Vψi2 + C3Vψi3 − C4Vψi4 Vψi < 0
(31)
and:
FTi =
Kr (yi − δ) yi > δ
0 −δ ≤ yi ≤ δ
Kr (yi + δ) yi < −δ.
(32)
And the governing equations of the motion of bogie are:
mt y¨t = −Fsus,y1 − Fsus,y2 − 2Ktyyt − 2Ctyy˙t
Itzψ¨t = −2Ky [y1 − yt + l1ψt ] l1Figure 7a: Time response of lateral displacement at V < Vc .
Figure 7b: Phase portrait of lateral displacement at V < Vc .
+ 2Ky [y2 − yt − l1ψt ] l1 − 2Cy

y˙1 − y˙t + l1ψ˙t

l2
+ 2Cy

y˙2 − y˙t − l1ψ˙t

l2 − 2Ktxb2ψt − 2Ctxb23ψ˙t
+ 2Kx (ψ1 − ψ2 − 2ψt)+ 2b1 (Fd1 + Fd2) . (33)
6. Results
As the velocity of rail vehicle increases, the vehicle becomes
less stable and ultimately exhibits rigorous oscillations. In the
viewpoint of bifurcation theory, hunting is a phenomenon
called Hopf bifurcation of fixed point. The motion is stable
below a certain ‘‘critical’’ forward velocity (or exhibits a stable
fixed point in phase space). Above the critical speed, the hunting
appears as an undamped vehicle motion constrained between
thewheel flange and the rail (or the fixed point loses its stability
and a limit cycle bifurcates from it). The decay rate of the
phase portrait of wheelset depends on control parameter V .
A supercritical Hopf bifurcation occurs when a stable spiral
changes into an unstable spiral surrounded by a small limit
cycle [32].
In Figures 7a–7d, the phase portrait and the time depen-
dence of lateral displacement, for V above and below the critical
bifurcation valueVc are illustrated. As can be seen,whenV < Vc
the origin y = 0 is still a stable fixed point. For V > Vc , there is
an unstable spiral at the origin and a stable circular limit cycle.
In order to analyze the influence of the system parameters
on the hunting behavior, we solve Eqs. (12) and (13) numeri-
cally. By varying forward speed V and plot stable response of
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Figure 7d: Phase portrait of yaw rotation at V > Vc .
Figure 8: Bifurcation diagram for set of parameters value in Appendix B.
lateral displacement vs. speed, bifurcation diagrams are gener-
ated as shown in Figures 8–15. In Figure 8, the Vc obtained from
Routh–Hurwitz criterion is depicted beside the direct numerical
solution of the equation of motion. As this figure indicates, the
Vc from numerical solution is 160 km/h while what is obtained
from Routh–Hurwitz analysis is 145 km/h.
The effect of the rail stiffness (Kr ) on the critical speed
is considered. Figure 9 shows that the rail stiffness has no
remarkable effect on hunting speed; however, it reduces
hunting amplitude. Also, Figure 10 indicates that smaller
flange clearance reduces the amplitude of limit cycle with no
significant effects on critical speed.Figure 9: The effect of rail lateral stiffness on critical speed.
Figure 10: The effect of flange clearance on critical speed.
Figure 11: The effect of lateral damping on critical speed.
Figure 12: The effect of lateral spring stiffness on critical speed.
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Figure 14: The effect of wheel-set mass on critical speed.
Figure 15: The effect of wheel-set conisity on critical speed.
Through Figures 11–15, the effect of variation of the
parameters Cy, Ky, Kx,mw and λ on critical speed is indicated.
Increasing lateral stiffness, as well as lateral damping and
yaw stiffness, increases the critical speed Vc and decreases the
hunting amplitude. Comparing Figures 11–13, it is seen that
the hunting speed shows more sensitivity to change of the yaw
stiffness relative to the other parameters such as the lateral
damping.
As Figures 14 and 15 indicate, increasing wheelset mass as
well as wheelset conicity decreases the critical speed Vc and
increases the hunting amplitude while the hunting speed and
hunting amplitude shows more sensitivity to change of the
wheelset conicity relative to the wheelset mass.
7. Accuracy of one-axle model
To investigate the accuracy of one-axle wheelset model, the
results of one and two-axles model for the same conditions,Figure 16: Effect of lateral dimensionless stiffness on accuracy of one-axle
model.
Figure 17: Effect of longitudinal dimensionless stiffness on accuracy of one-
axle model.
Figure 18: Effect of longitudinal dimensionless damping coefficient on
accuracy of one-axle model.
have been compared. For this purpose, the dimensionless
parameters are introduced as follows:
ζ = Kty/Ky lateral dimensionless stiffness;
κ = Ktx/Kx longitudinal dimensionless stiffness;
χ = Cty/Cy longitudinal dimensionless damping coefficient.
Bifurcation diagrams for these parameters, as plotted in
Figures 16–18, indicates that increasing these parameters
makes one-axle model results in being more precise.
As shown in Figure 16, increasing lateral dimensionless
stiffness from 1.77 to 17.7, has considerable effect on the
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more changes of lateral dimensionless stiffness (ζ ). Changing
the other dimensionless parameters κ and χ has the same
impact on the accuracy of the first model, as indicated in
Figures 17 and 18.
8. Conclusions
Hopf bifurcation in a railway wheelset was studied through
a nonlinear model in this paper. The research assumed nonlin-
ear lateral wheel/rail contact and also nonlinear yaw damper
suspension elements. Novel EFs for these discontinuous non-
linearities have been employed to predict analytical response
of nonlinear vibration in the time domain. It appears from the
present work that the introduced EFs can significantly make
the analytical investigation of the nonlinear problems to be es-
timated quite easily. The authors believe that the introduced
procedure has special potential to be applied on other strong
nonlinearities such as preload, dead zone and saturation dis-
continuous. Furthermore, the effect of primary suspension pa-
rameters such as lateral damping and stiffness, yaw stiffness,
wheelsetmass andwheelset conicity on critical speedwere also
investigated as summarized below:
1. The more gauge clearance, the less amplitude of hunting.
However, gauge clearance does not have a significant effect on
the critical speed.
2. Contrary to lateral damping which has little effect on the
critical speed, yaw stiffness has a major effect on hunting
velocity and can be an important design parameter.
3. Increasing the rail lateral stiffness does not significantly affect
the critical speed, but reduces hunting amplitude.
4. As the wheel conicity increases, the critical speed reduces.
As shown in Figure 4, linear critical speed obtained from
Routh–Hurwitz criterion is proportional to 1/
√
λ.
5. The results indicate that when the value of dimensionless
parameters increases, the critical speed obtained from one-axle
wheelset become more accurate.
Appendix A
The elements of matrix A (V ) are:
a21 = − 1mw

2Ky +mwg λa

(A.1)
a22 = − 2mw

Cy + f11V

1+ R0
a

(A.2)
a23 = −2f11mw (A.3)
a24 = −2f12mw (A.4)
a41 = −2af33λR0Iwx (A.5)
a42 = 1Iwx

− λV
R0a

Iwy − Iwx
+ 2f12
V

1+ R0λ
a

(A.6)
a43 = 1Iwx

amwgλ− 2f12 − 2b2Kx

(A.7)
a44 = − 1Iwx

2bC1 + 2V

a2f33 + f22

(A.8)
a12 = 1, a34 = 1. (A.9)Other elements of matrix A are zero.
f2 = b22x2 + b24x4 − 1mw FT (A.10)
f4 = b42x2 + b44x4 − 2bIwx Fd (A.11)
b22 = −2f11mw

1+ R0λ
a

− µ
V 2c
+ εµ
2
V 3c
+ · · ·

(A.12)
b24 = −2f12mw

− µ
V 2c
+ εµ
2
V 3c
+ · · ·

(A.13)
b42 = −2f12Iwx

1+ R0λ
a

− µ
V 2c
+ εµ
2
V 3c
+ · · ·

(A.14)
b42 = − 2Iwx

a2f33 + f22
 − µ
V 2c
+ εµ
2
V 3c
+ · · ·

. (A.15)
Appendix B
System parameters of the analysis mode are:
Half of the track gauge a = 0.7176 m
Half of yaw spring arm b = 1 m
Lateral damping of suspension Cy = 2.1 e4 N s/m
Damping coefficients for yaw dampers
C1 = 1.923 e4
C2 = 5.14 e5
C3 = −3.1127 e6
C4 = 5.14 e6
Lateral creep force coefficient f11 = 6.728 e6 N
Spin creep force coefficient f22 = 1000 N m2
Lateral spin creep force coefficient f12 = 1.2 e3 N m
Longitudinal creep force coefficient f33 = 6.728 e6 N
Roll moment of inertia of wheelset Iwx = 625.7 kg m2
Spin moment of inertia of wheelset Iwy = 133.92 kg m2
Lateral rail stiffness Kr = 1.617 e7 N/m
Lateral stiffness of primary suspension Ky = 8.67 e4 N/m
Yaw spring stiffness of primary
suspension
Kx = 8.67 e4 N/m
Wheelset mass mw = 1800 kg
Wheel radius R0 = 0.533 m
Wheel conicity λ = 0.05
Flange clearance δ = 0.923 cm
Appendix C
The Kalker’s creepage formula is:
ξxl = 1V

V − Rlθ˙ − aψ˙

(C.1)
ξyl = 1V cos (βl + ϕ)

y˙+ Rl

ϕ˙ − θ˙ ψ (C.2)
ξspl = 1V
−θ˙ sin (βl + ϕ)+ ψ˙ + ϕ θ˙ cos (βl + ϕ) (C.3)
ξxr = 1V

V − Rr θ˙ + aψ˙

(C.4)
ξyr = 1V cos (βr − ϕ)

y˙+ Rr

ϕ˙ − θ˙ ψ (C.5)
ξspr = 1V

θ˙ sin (βr − ϕ)+

ψ˙ + ϕ θ˙ cos (βr − ϕ) . (C.6)
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